In this paper we report on some recent results about maximal surfaces in a Lorentzian product space of the form M 2 × R 1 , where M 2 is a connected Riemannian surface and M 2 × R 1 is endowed with the Lorentzian metric , = , M − dt 2 . In particular, if the Gaussian curvature of M is non-negative, we establish new Calabi-Bernstein results for complete maximal surfaces immersed into M 2 × R 1 and for entire maximal graphs over a complete surface M . We also construct counterexamples which show that our Calabi-Bernstein results are no longer true without the hypothesis K M ≥ 0. Finally, we introduce two local approaches to our global results. We do not provide here with detailed proofs of our results. For further details, we refer the reader to the original papers Ref. 1-3.
Introduction
The study of maximal surfaces, that is, spacelike surfaces with zero mean curvature, has been of increasing interest in recent years from both physical and mathematical points of view. Here by spacelike we mean that the induced metric from the ambient Lorentzian metric is a Riemannian metric on the surface and the term maximal comes from the fact that these surfaces locally maximize area among all nearby surfaces having the same boundary.
One of the most important global results in Lorentzian geometry is the Calabi-Bernstein theorem for maximal surfaces in the Lorentz-Minkowski space R the only entire solutions to the maximal surface equation
Div Du 1 − |Du| 2 = 0, |Du| 2 < 1 on the Euclidean plane R 2 are affine functions. The Calabi-Bernstein theorem was first proved by Calabi 7 , and extended later to the general ndimensional Lorentz-Minkowski space by Cheng and Yau 8 . The aim of this paper is to report on some of our recent results, obtained jointly with Alías, about maximal surfaces immersed into a Lorentzian product space of the form M 2 × R, where M 2 is a connected Riemannian surface and M 2 × R is endowed with the Lorentzian metric
Here π M and π R denote the projections from M × R onto each factor, and , M is the Riemannian metric on M . For simplicity, we will write
and we will denote by M 2 × R 1 the 3-dimensional product manifold M 2 ×R endowed with that Lorentzian metric.
In the first section, we introduce some Calabi-Bernstein type results for maximal surfaces in M 2 × R 1 . In that sense, our first main result, Theorem 2.1, establishes that any complete maximal surface Σ immersed into a Lorentzian product space M 2 × R 1 , where M is a (necessarily complete)
Riemannian surface with non-negative Gaussian curvature, is totally geodesic. Moreover, if M is non-flat then Σ must be a slice M × {t 0 }, t 0 ∈ R.
Here by complete it is meant, as usual, that the induced Riemannian metric on Σ from the ambient Lorentzian metric is complete. We also present a non-parametric version of this result. In concrete, Theorem 2.2 states that any entire maximal graph in M 2 × R 1 must be totally geodesic and, as a consequence, the only entire solutions to the maximal surface equation on any complete non-flat Riemannian surface M with non-negative Gaussian curvature are the constant functions. Observe that in these results the assumption on the Gaussian curvature is necessary as shown by the fact that when M = H 2 is the hyperbolic plane there exist examples of complete maximal surfaces in H 2 × R 1 which are non-totally geodesic, as well as examples of non-trivial entire maximal graphs over H 2 (see examples in Section 3). These examples are obtained in two different ways. Firstly, we can obtain some examples in an implicit way via a simple but nice duality result between solutions to the minimal surface equation in a Riemannian product 
As a direct consequence of Theorem 2.1 we have the following. 
Take into account that if M 2 = R 2 is the flat Euclidean plane, then
is nothing but the 3-dimensional Lorentz-Minkowski space, and any spacelike affine plane in R 3 1 which is not horizontal determines a complete totally geodesic surface which is not a slice. On the other hand, the assumption K M ≥ 0 is necessary as shown by the fact that there exist examples of non-totally geodesic complete maximal surfaces in H 2 × R 1 , where H 2 is the hyperbolic plane (see examples in Section 3). Although we are not going to give here a proof of Theorem 2.1, we want to remark that the main idea of the proof is to show that Σ is a nonhyperbolic surface in the sense that any non-positive subharmonic function on the surface must be constant. Then, considering a suitable function we derive the conclusions of the theorem, (for the details, see the proof of Theorem 3.3 in Ref. 2) .
Let Ω ⊆ M 2 be a connected domain. Every smooth function u ∈ C ∞ (Ω) determines a graph over Ω given by Σ(u) = {(x, u(x)) :
The metric induced on Ω from the Lorentzian metric on the ambient space via Σ(u) is given by
Therefore, Σ(u) is a spacelike surface in M 2 × R 1 if and only if |Du| 2 < 1 everywhere on Ω, where Du stands for the gradient of u in Ω and |Du| denotes its norm, both with respect to the original metric , M on Ω. If Σ(u) is a spacelike graph over a domain Ω, then it can be seen that the mean curvature H(u) of Σ(u) is given by
where Div stands for the divergence operator on Ω with respect to the metric , M . In particular, Σ(u) is a maximal graph if and only if the function u satisfies the following partial differential equation on the domain Ω,
A graph is said to be entire if Ω = M . It is known that when M is a complete Riemannian surface which is simply connected, then every complete spacelike surface in M 2 × R 1 is an entire graph. In fact, since M is simply connected then the projection Π is a diffeomorphism between Σ and M , and hence Σ can be written as the graph over M of the function 
And as a direct consequence we get, Riemannian surface with non-negative Gaussian curvature, K M ≥ 0. Then any maximal surface Σ 2 in M 2 × R 1 which is complete with respect to the metric induced from the Riemannian product M 2 × R is totally geodesic. In addition, if K M > 0 at some point on Σ, then M is necessarily complete and Σ is a slice M × {t 0 }.
Non-trivial examples of entire maximal graphs in H
In this section we give examples of complete and non-complete entire maximal graphs, different to slices, in H 2 × R 1 . These graphs provide counterexamples which show that our Calabi-Bernstein results are no longer true without the assumption K M ≥ 0. On the other hand, is well known that every complete spacelike surface with constant mean curvature which is a closed subset in the Lorentz-Minkowski space R 3 1 is necessarily complete. Therefore, the existence of non-complete entire maximal graphs in H 2 × R 1 points out a curious difference between the topology of entire maximal graphs in R 
where, as in (2), Div and Du stand for the divergence operator and the gradient of u in Ω with respect to the metric , M , respectively. Following the ideas in Ref. 4 we can prove the following general result. Here non-trivial solutions correspond to non-totally geodesic graphs. The interest of Theorem 3.1 relays on the fact that it allows us to construct new solutions to the maximal surface equation from known solutions to the minimal surface equation, and viceversa. Let us consider the halfplane model of the hyperbolic plane H 2 ; that is,
endowed with the complete metric
conformal to the flat Euclidean metric. This allows us to express the hyperbolic differential operators in terms of the Euclidean ones, so the minimal surface equation of a graph over the hyperbolic plane yields (4) is a straightforward computation to show that the function
defines a non-trivial entire minimal graph in H 2 × R. Therefore, from our Theorem 3.1 and the entire minimal graph defined by the function (5) we know that there exists a smooth function w ∈ C ∞ (H 2 ) which determines a non-trivial entire maximal graph in H 2 ×R 1 . This shows that the assumption K M ≥ 0 in Theorem 2.2 and Corollary 2.2 is necessary. Moreover, the entire maximal graph determined by w is also complete. Actually, if we denote by , the induced metric on H 2 via the graph, which is given by
As a consequence, the metric , is complete on H 2 . This shows that the assumption K M ≥ 0 in Theorem 2.1 and Corollary 2.1 is also necessary. 
satisfies (4). Therefore, it defines another non-trivial entire minimal graph in H 2 × R which gives rise via Theorem 3.1 to another non-trivial entire maximal graph in the Lorentzian product H 2 × R 1 . In contrast to Example 3.1, this example is non-complete. To see it, let w ∈ C ∞ (H 2 ) stands for the smooth function defining this entire maximal graph, which we denote by Σ(w). Then, the curve α : (0, 1) → Σ(w) given by α(s) = (0, s, w(0, s)) defines a divergent curve in Σ(w) with finite length. As a consequence, Σ(w) is non-complete.
The above examples are given in an implicit way, since we de not obtain any explicit expression for the functions which determine both graphs. However, in Ref. 1 we provide new examples of complete and non-complete entire maximal graphs in H 2 × R 1 by solving directly the maximal surface equation in H 2 for particular types of functions,
A parabolicity criterium for maximal surfaces.
A Riemannian surface (Σ, g) with non-empty boundary, ∂Σ = ∅, is said to be parabolic if every bounded harmonic function on Σ is determined by its boundary values, which is equivalent to the existence of a proper nonnegative superharmonic function on Σ. Fernández and López 9 have recently proved that properly immersed maximal surfaces with non-empty boundary in the Lorentz-Minkowski spacetime R 
is eventually positive and proper. Then Σ is parabolic.
As is usual, by eventually we mean here a property that is satisfied outside a compact set.
It is interesting to look for some natural conditions under which the assumptions of Theorem 4.1 are satisfied. In that sense we can state the following proposition. 
It is worth pointing out that a Riemannian surface (Σ, g) without boundary, ∂Σ = ∅, is non-hyperbolic if and only if for every non-empty open set O ⊂ Σ with smooth boundary Σ \ O is parabolic (as a surface with boundary). This follows from the observation that a Riemannian manifold without boundary is non-hyperbolic precisely when almost all Brownian paths are dense in the manifold. Therefore, as a direct consequence of Theorem 4.1 we derive Another interesting situation is when we consider entire maximal graphs Σ(u). Observe that we can always assume, up to a vertical translation which is an isometry in M 2 × R 1 , that for a fixed point x 0 ∈ M , u(x 0 ) = 0. In that case, we can also conclude that φ : M →R is a positive function for every x = x 0 and proper. Therefore, 
where L(r) denotes the length of the geodesic circle of radius r about p, and where θ denotes the hyperbolic angle between N and ∂ t along Σ.
In particular, when Σ is complete then it is not difficult to prove that the local integral inequality (7) implies Theorem 2.1, (see [2, Section 6] ).
